This paper presents a fully bladed flexible rotor and outlines the associated stability analysis. From an energetic approach based on the complete energies and potentials for Euler-Bernoulli beams, a system of equations is derived, in the rotational frame, for the rotor. This later one is made of a hollow shaft modelled by an Euler-Bernoulli beam supported by a set of bearings. It is connected to a rigid disk having a rotational inertia. A full set of flexible blades is also modelled by Euler-Bernoulli beams clamped in the disk. The flexural vibrations of the blades as well as those of the shaft are considered. The evolution of the eigenvalues of this rotor, in the corotational frame, is studied. A stability detection method, bringing coalescence and loci separation phenomena to the fore, in case of an asymmetric rotor, is undertaken in order to determine a parametric domain where turbomachinery cannot encounter damage. Finally, extensive parametric studies including the length and the stagger angle of the blades as well as their flexibility are presented in order to obtain robust criteria for stable and unstable areas prediction.
INTRODUCTION
Rotor dynamics is a very particular and rich field of mechanics, where plenty of phenomena [1] [2] [3] [4] can be responsible for the instabilities of rotating structures. A common particular interest of the rotating machinery industry is to understand correctly the vibration phenomena and to predict the dynamic behaviour of flexible bladed rotors. Effectively, asufficient knowledge of the vibration phenomena is essential for considering adequate means to reduce or eliminate vibrations and for designing rotating machinery. Thus, the instability of propellers due to the interaction between the dynamics of the blades and that of the engine suspension is a well-known phenomenon and has attracted the interest of Crandall and Dugundji [5] . This kind of instability may also occur in bladed rotors, like those present in turbomachinery [6] .
The master of such structure is fundamental for industry due to the fact that instabilities of bladed rotors can cause severe damage. In order to avoid these problems, engineers need therefore to find suitable devices to eliminate instabilities. Unfortunately, this kind of study is quite complex and must be performed using numerical models [7, 8] . However, to obtain a closed-form solution suitable for a stability analysis, it is possible to resort to simplified models [9] [10] [11] .
In this paper, a simplified model of a fully bladed flexible rotor is firstly presented. In a second part, a stability analysis and parametric studies are investigated in order to detect the stable and unstable regions of this structure in case of asymmetries. The paper closes with a discussion of some topics of future interest and some conclusions.
MODEL FORMULATION
The rotor considered in this study has been developed on an energetic approach based on the same kind of approximation as the one described by Sinha [9] . It consists of a shaft modelled by an Euler-Bernoulli beam, connected to a rigid disk modelled by a concentrated mass with rotational inertia. Several Euler-Bernoulli beams are clamped in the disk and model the blades. The shaft is set on bearings at multiple locations, as indicated in Figure 1 .
Two degrees of freedom are considered for the shaft: two orthogonal translations u(z, t)andυ (z, t) in the disk's plane, and one degree of freedom for each blade defining its deflection η(s, t), as illustrated in Figure 2 .
A Rayleigh-Ritz approximation is used to express the degrees of freedom of these different parts. Thus, they are expressed by a sum of shape functions multiplied by 
where z is the axis of the shaft and s the axis along the blade. In these expressions, U o (t)a n dV o (t)a r er i g i db o d yt r a n slations of the shaft. m tot and n tot are the number of modes considered to express its motion and the flexure of the jth blade, respectively. In this Rayleigh-Ritz approach, the shape functions have only to verify the geometric boundary conditions of the problem, so the shape functions of the blades must verify
where prime denotes differentiation versus space coordinates, because they are clamped in the rigid disk. Thus, the chosen expression for the shape function of the blade deflection is Y n (s) = a n s +sin β n s , ( 3 ) with β n = (2n − 1)π/(2L), and a n =−β n . Concerning the shaft, since it is supported by bearings, its shape function has no geometric boundary conditions to verify. It can thus be defined by ( 4 ) with α m = (2m − 1)π/(2l). However, it could be noticed that these functions verify
thus no motion is permitted at the end of the shaft (i.e., at z = 0). An energetic method is used to develop this model, thus potentials have to be defined for the shaft and for the blades as well. The model has been fully developed in the rotating frame in order to avoid having time-dependent terms, resulting from the periodicity of the rotating structure, in the analytical formulation. Thus, the kinetic energy T blade of the jth blade, located at an angle ϕ j = 2πj/N tot in this frame, as indicated in Figure 2 and where N tot is the total number of blades, can be fully expressed by the following relation:
where ρ b and S b are the density and the area, respectively, of a blade cross-section. V S/R0 (G), Ω S/R0 ,andI are the speed and the rotation of the center of mass of a blade cross-section in relation to the fixed frame and its inertia matrix, defined in its inertial frame. It should be noticed that the complete expression of the kinetic energy should be considered because in certain extreme geometric conditions, the approximated kinetic energy can lead to unrealistic instabilities of the rotor.
N. Lesaffre et al. The potential energy ν intblade associated with the elastic deformation of the blade, a function of dissipation F dblade associated with the internal damping of the jth blade, and a prestress potential taking into account the effect of the rotational inertia are formulated:
In the same way, the kinetic energy T shaft , the potential energy ν intshaft associated with the elastic deformation of the shaft, a function of dissipation F dshaft associated with the internal damping of the shaft, as well as a potential ν bearings and a function of dissipation F dbearings associated with the bearings are defined.
Then, Lagrange's equations are used in order to obtain the system of equations of the dynamic behaviour of the full flexible bladed rotor. This system of equations can be written under the following form: ( 8 ) where M rotor , C rotor ,and K rotor are the mass matrix, the generalized damping matrix, and the generalized stiffness matrix, respectively. X rotor defines the generalized degree of freedom vector of the rotor. It contains 2m tot +2+n tot N tot elements and has the following expression:
All expressions of the energies and potentials are given in Appendix A as well as those of the mass, damping, and stiffness matrices, in Appendix B.
STABILITY ANALYSIS
One of the most important objectives for turbomachinery designers is to define dangerous operating speed ranges and the associated stable and unstable regions of bladed rotor vibrations. The stability of the flexible bladed rotor is investigated by determining the solution λ = a + ib of the characteristic equation
I tb e c o m e su n s t a b l ei fa n yo n eo rm o r eo ft h ee i g e n v a l u e s ' real parts a is positive. The imaginary parts define the frequencies of the system. In this following study, we consider a shaft supported by three isotropic bearings located at z = 0cm, z = 300 cm, and z = 325 cm. The radial stiffness and viscous damping coefficients for these bearings are k bearing = 2 · 10 7 N.m Figure 3 illustrates the evolution of the eigenfrequencies of a flexible twenty-eight-bladed rotor of one meter in length, plotted in a Campbell diagram. Figure 4 shows the evolution of the eigenvalues in the complex plane. The evolutions of the shaft's eigenfrequencies, shown in Figure 3 , are mainly due to the gyroscopic effects. In the rotating frame, the downward sloping lines are forward modes (precession motions in the same sense of rotation as the own rotation of the shaft) and the upward sloping ones are backward modes. The evolution of the blades' eigenfrequencies (starting at 31 Hz), that is, their stiffening, is due to the centrifugal effects included in the prestress potential ν gblade . Two loci separation phenomena [12, 13] appear, as illustrated by the points A and B on Figures 3 and 4 .W h e nt w oe i g e n v a l u e sl o c ia p p r o a c he a c h other, they either cross or do not cross; often in the latter case, even though the loci nearly intersect, in fact they do not but rather veer away from each other with high local curvature. During these veering phenomena, mode shapes and sense of rotation are switched between the eigenvalues that veer away from each other. The two particular cases shown in Figure 3 do not present high local curvature and their locations on the complex plane on Figure 4 are easy to find. In this particular simple case of loci separation, the evolution of the eigenvalues on both Figures 3 and 4 can be correlated. This system is stable as shown in Figure 4 .H o w e v e r ,i n the particular case of a two-bladed rotor, instabilities can be observed as illustrated in Figures 7 and 8 showing a Campbell diagram and a decay rate plot (corresponding to the eigenvalues' real parts), respectively. Figure 9 shows the evolution of the eigenfrequencies in the complex plane. Loci separation phenomena appear and are more present than in the latter twenty eight-bladed rotor case.
In this case, two kinds of instabilities are observed. They both result from an inertial asymmetry of the system. The first and more common one is noted by ✐ 1 and occurs at the first critical speed (intersection with the abscissa axis). The second one, indicated by the marks 2b, 2c, and 2d, consists N. Lesaffre et al. in mode couplings, that is, two separated mode shapes at a rotational speed become two mode shapes having the same eigenfrequency but one of them being stable and the other being unstable with its amplitude increasing with respect to time. The points indicated by X1 and X2 do not show instabilities, but since the observed phenomenon is due to asymmetries, the length of the blades may influence mode couplings, and for sufficient length, may drive the two-bladed rotor unstable at these configurations. Figure 10 shows a stability map for a two-bladed rotor as a function of its rotational speed and of its blade length, and Figure 11 shows the unstable frequencies associated. These two pictures confirm the two kinds of instabilities, the one noted ✐ 1 corresponding to 0 Hz (in the rotating frame) and the ones noted 2a, 2b, 2c, and 2d corresponding to mode couplings. Figure 10 shows that up to 15 cm (in the case of these particular two blades), the asymmetry of the rotor is light enough to leave the system stable, but above this blade length, the rotor may experience several speed ranges where it is unstable. Only the unstable frequencies different from 0 Hz and corresponding to mode couplings can be seen in Figure 11 , underlying the two kinds of instabilities. Thus, the configuration noted X1 on Figures 7 and 9 canbeanunstable one if the blade length is up to 1.1 m and corresponds to the area noted 2a in Figure 10 . It is the same phenomenon for the points noted X2 on Figures 7 and 8 which correspond to the area ✐ 1 just before 8000 RPM, in Figure 10 ,forblades longer than 1.1m.
As explained previously, these instabilities are mainly due to asymmetries of the system but, the flexibility of the blades can influence these phenomena. Figures 12 and 13 show the stability map and the unstable frequencies' evolution, respectively, in the case of a two-rigid-bladed rotor. The differences between this case and the latter concern mainly the first instability speed range. As a matter of fact, the unstable frequencies corresponding to mode couplings between 2000 RPM and 4000 RPM are lower than in the flexible case and the blade length range concerned is shorter (see Figure 13 ,i n white ellispe). Thus, in the case of a two-rigid-bladed rotor, the mass and inertia added by the two blades can, between 2000 RPM and 4000 RPM, lead to low-frequency modes couplings between the horizontal and the vertical mode shape of the rotor, if its blade length is between 1.1mand1.5 m. In the case of flexible blades, if their eigenfrequencies are close to those of the shaft (as in the latter example), mode couplings c a no c c u ri nt h i ss a m es p e e dr a n g ef r o mab l a d el e n g t ho f 1.1 m and involve mixed mode shapes. Another parameter, the stagger angle (see Figure 14) , can influence the occurrence of instabilities. All cases studied s of a rh a v eb e e nm a d ew i t hβ = 60
• . Figures 15 and 16 show the stability map and the unstable frequencies' evolution, respectively, as a function of the stagger angle of a two-flexible-bladed rotor of one meter in length. The two kinds of instabilities can also be seen here. It appears that the higher the stagger angle is, the shorter the unstable speed ranges are, as it could be though intuitively. However, unstable speed ranges can appear or disappear as a function of this stagger angle, showing the importance of this parameter.
CONCLUSION
A flexible fully bladed rotor has been modelled in the rotating frame using an energetic approach. Campbell diagrams have been plotted for this structure, what would not have been possible if the model had been made in the fixed frame. Then, its stability has been investigated, essentially by using complex plane diagrams. It has been shown that without rotating damping, the system may experience instabilities if it is strongly asymmetric, typically in the case of a twobladed rotor. In this case, zero hertz unstable speed ranges have been detected at the first critical speed as well as mode N. Lesaffre et al. couplings at frequencies different from zero hertz whether the blades are flexible or not. The influence of the stagger angle of the blades in the occurrences of instabilities has also been underlined. Thus, this model of a flexible bladed rotor appears to be sufficiently simple and complete from a phenomenological point of view to be used to design rotating machinery, to eliminate vibrations due to instabilities, and to study easily some complicated phenomenon in rotor dynamics as for instance travelling wave speed coincidence or blade-tip/casing contact. 
APPENDIX

A. EXPRESSIONS OF THE ENERGIES AND POTENTIALS OF THE MODEL'S ITEMS
(A.1)
B. EXPRESSIONS OF THE MASS, DAMPING, AND STIFFNESS MATRICES FOR THE ROTOR
Considering that
,and j ∈ [1, N tot ], the coefficients of M rotor , K rotor ,and C rotor are given by
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